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Forbidden Transitions in the Spectra of 
Diatomic Molecules* 


G. HERZBERG, F.R.S.C 


A. INTRODUCTION 

HE study of forbidden transitions in atomic spectra has added 
a great deal to our understanding of atomic structure, and has 
contributed greatly to the solution of many astrophysical problems 
Similariy the investigation of forbidden transitions in molecular 
spectra has proved to be of considerable interest, both for a bette: 
understanding of molecular structure and for their geophysical and 
astrophysical applications. Thus one of the most prominent features 
in the red part of the solar spectrum is now known to be due to a 

forbidden transition of the O, molecule in the earth’s atmosphere 
My own interest in this subject dates back more than twenty vears 
when I built my first long absorption tube for the study of forbidden 
transitions. In this address | should like to review some of the more 
recent results obtained by my collaborators and myself in the field of 


forbidden transitions in the spectra of diatomic molecules 


B. ELEMENTARY FACTS ABOUT MOLECULAR SPECTRA 
In order to make my discussion intelligible to those not so familiar 
with the spectra of diatomic molecules, | should like to begin by 
summarizing very briefly a few elementary facts about the energy 
levels of diatomic molecules and the selection rules applying to them 
It is well known that the energy of a molecule can be resolved into 
three parts, the electronic energy /,, the vibrational energy /,, and 


the rotational energy £,, t.e., we have 
k E,+kh, +E, he |T, + G(v) + Fy(J)] 


where the factor Ac has been taken out in order to convert to term 


values in cm™! units. 


*Part of a symposium on Forbidden Transitions 
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\ molecule, just as an atom, has a series of electronic states, but 
unlike the atom, the electronic states of a diatomic molecule are 
classified according to the magnitude of the component of the electronic 
orbital angular momentum in the direction of the inter-nuclear axis. 
According to whether this component, designated by A, is 0, 1, 2,... 
(in units h/27) the states are called Y, Il, A, . . .states (corresponding 
to S, P, D,...of the atom). Two kinds of ¥ states are distinguished, 
>* and Y~; the former corresponds to the case in which the electronic 
eigenfunction y, upon reflection at a plane through the internuclear 
axis remains unchanged, and the latter corresponds to the case where 
it changes sign. 

The multiplicity of the electronic states of a diatomic molecule is 
entirely similar to that of atoms, i.e., if the resultant spin of the 
electrons is S the multiplicity is 2S + 1. Thus we have, e.g., a *A 
state meaning a state with A Zand S = 1. 

In the case of molecules consisting of two equal atoms (homonuclear 
molecules) like He, Ne, Ov, etc., an additional symmetry property must 
be distinguished. An electronic state of such a molecule is either even 
(indicated by the subscript g) when the electronic eigenfunction re- 
mains unchanged upon reflection at the centre, or it is odd (indicated 
by a subscript uw) if the eigenfunction changes sign for such a reflection. 

In each electronic state the molecule may have a number of v1- 
brational levels whose position in a first approximation is given by the 
simple formula 


1 


G(v) w(v + 4) — wow. X.(v + §)° 


é 


Af 


where w,c is the (classical) vibrational frequency, wo, x, Kw, is a 
small correction term due to the anharmonicity of the vibrations, and 
v is the vibrational quantum number. According to the formula, the 
levels are almost equidistant as shown in Fig. | (long horizontal lines). 
In each vibrational level there is series of rotational levels given by 
the formula 
F,(J) B, J(J + 1) 


where the rotational quantum number J assumes the value 0, 1, 2, ete., 
and represents the tetal angular momentum in units h/27, and where 
B, is the rotational constant in the vibrational level v. The rotational 
levels are not equidistant, but their separation increases with J since 
F (J) ts.a quadratic function of J. This ts also shown in Fig. 1 (short 
horizontal lines). 

The rotational levels are alternatively “ positive’ and ‘‘negative”’ de- 
pending on whether the total eigenfunction of the molecule remains 


unchanged or changes sign upon reflection at the origin. In the simplest 
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case of a =* state the even rotational levels are ‘‘positive,”’ the odd 
rotational levels are ‘“‘negative.’’ The reverse is the case in a =~ state. 
In Il, A, ... states there are, for each J value, two levels, one **pos- 
itive’ and one ‘‘negative.”’ 


J 























0 


FiGurRE 1} Energy levels of a vibrating and rotating molecule in a given 





electronic state rhe long horizontal lines represent the vibrational levels without 
rotation (J = 0), the short horizontal lines represent the rotational levels for each 


vibrational level. 


In the case of homonuclear molecules we have to distinguish in 
addition symmetric and antisymmetric rotational levels corresponding 
to the behaviour of the eigenfunction with respect to an exchange of 
the two identical nuclei. For even electronic states (2,, I,,...) the 


“positive” rotational levels are symmetric and the ‘‘negative’’ are 


antisvmmetric; for odd electronic states (Z,, Il,, ...) the reverse is 


the case. 
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In the case of doublet, triplet, etc. electronic states one has two, 
three, etc. series of such rotational levels. The spacing of these doublets 
and triplets as a function of the rotational quantum number depends 
on the coupling conditions which we shall not discuss here. However, 
one special case should be mentioned: if the coupling of the electron 
spin with the rest of the molecule is very slight the rotational levels 
are essentially given by a formula as before except that J is replaced 
by AK which is the quantum number of the angular momentum apart 
from spin. 

For the transitions between the various energy levels of a diatomic 
molecule a number of selection rules hold. We may distinguish rigorous 
selection rules, which hold rigorously for dipole radiation of the free 
molecule, and approximate selection rules, whose validity depends on 
the coupling conditions in the molecule. 

Rigorous selection rules are the following: the selection rule for the 
total angular momentum AJ 0, + 1 (with the restriction that 
J = 0 does not combine with J = 0); turthermore, the parity rule 
(corresponding to the Laporte rule for atoms) which says that ‘‘pos- 
itive’ rotational levels combine only with ‘‘negative’’ rotational levels 
(or, for short, + <* —). In the case of homonuclear molecules we 
have in addition the rule that symmetric rotational levels do not 
combine with antisymmetric ones (the ortho-para rule, for short, 
5 ¢ >a). Finally, a selection rule may be added which is not in- 
dependent of those already mentioned, namely, that the dipole 
moment must be different from zero in order that a pure rotation or a 
rotation-vibration spectrum can occur. 

Examples of approximate selection rules are: the rule that states of 
different multiplicity do not combine with one another (that. is, 
AS = 0); the selection rule for the quantum number A of the electronic 
orbital angular momentum A A 0, + 1; and the selection rule for 
the rotational quantum number A, SA 0, + 1. Three other 
selection rules of this type which are important for the tollowing 
considerations are the rules that 2* states do not combine with 2 
states, that even electronic states of molecules with nuclei of equal 
charge combine only with odd, and that AK Q does not occur for 


x--2 transitions 


( TYPES AND OBSERVATIONS OF FORBIDDEN TRANSITIONS 


lwo types of forbidden transitions may be distinguished. 
|. Forbidden transitions that violate approximate selection rules. Ex- 


amples in atoms are the intercombination lines such as the line 42537 


of mercury. 
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2. Forbtdden transitions that violate selection rules that are rigorous 
for dipole radiation in the free molecule. Such violations may occur for 
two reasons: 


(a) In the free molecule the transition may occur as magnetic 
dipole, quadrupole, or higher pole radiation. Well-known examples 
in the case of atomic spectra are the nebular, auroral, and coronal 


lines. 

(6) The transitions may be induced by the presence of external 
fields or by collisions with other molecules. Examples in the case of 
atomic spectra are the helium lines with AL = 2 which occur in 
strong electric fields. 

Forbidden transitions in diatomic molecules of types 1 and 2(a) 
may be observed in emission under special conditions of excitation, 
particularly at extremely low pressure as it occurs for example in the 
upper atmosphere, but also in certain kinds of discharge tubes, either 
at low pressure, or when an inert gas is added. Forbidden transitions 
of type 2(b) require, of course, the presence of external fields or high 
pressure to be observed. /n absorption forbidden transitions may be 
observed by using a very long absorbing path or high pressure or both 

In my laboratory we found the method first suggested by White [1] 
for the production of a very long absorbing path to be the most satis 
factory [2]. In this method by means of three mirrors the light is made 
to traverse the absorption tube a large number of times. At the Yerkes 
Observatory | set up an absorption tube of 22 m. length and 25 em 
diameter with which it was possible by means of White’s method to 
obtain up to 250 traversals, Le., an absorbing path of 5500 m. At the 
National Research Laboratories in Ottawa we have set up a somewhat 
smaller tube of 5 m. length in which we have been able to obtain up to 
200 traversals corresponding to a path length of 1000 m. In addition, 
in order to study absorption spectra at high pressures, that is, in 
order to study forbidden transitions of type 2(b) we have built a steel 
absorption cell of 2 m. length with similar mirrors by means of which 
we can obtain up to 60 traversals, that is, an absorbing path ot 120 m 
This tube will stand a pressure of 100 atm. and the whole tube may 
be immersed in liquid nitrogen in order to study the effect of tempera 


ture on these transitions. 


D. FORBIDDEN ROTATION-VIBRATION SPECTRA 


We shall first consider those forbidden transitions which do not 
involve a change of electronic state, that is, we shall consider forbidden 
rotation-vibration spectra of diatomic molecules. In a way the over 


tone bands of polar molecules, i.e., the transitions from the lowest vi 
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brational level to higher vibrational levels with v = 2, 3, ... may be 
considered as forbidden transitions although this is usually not done. 
They violate the selection rule for the harmonic oscillator, that is, 
Av t 1. Accordingly at least the higher ones of these transitions 
with Av 3, 4 can only be obtained with very long absorbing paths. 


Thus, for example, the 4-0 band of CO requires an absorbing path 
of 800 m. (see [3]). ; 
Homonuclear molecules have no dipole moment and therefore they 


do not have an ordinary infrared rotation-vibration specrum. This 
is also excluded by the selection rules s <--> a and + «— — since 


without change of electronic state the transitions allowed by the first 


5 -@ 
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FiGuRE 2.—Energy level diagram for the quadrupole rotation-vibration spect- 

















rum of a homonuclear molecule 


rule are just the ones rigorously forbidden by tie second and con- 
versely. However, a homonuclear molecule does have a quadrupole 
moment which will change during the vibration and may therefore 
cause the appearance ot an extremely weak rotation-vibration spec- 
trum. This is a forbidden transition of the type 2(a) made possible by 
quadrupole radiation. The selection rules for quadrupole radiation are 


AJ 0, +1, +2and +-< >—, 


In the case of a transition between the rotational levels of two vi- 
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brational levels of a homonuclear molecule, as shown in Fig. 2, the 
transitions with A/ t | are eliminated both by the rule + -—'— 

and the rule that s —— a. Therefore, one expects three series of lines 
or branches, one with AJ = 0, a Q branch, one with AJ = + 2, an 
S branch, and one with AJ = — 2, an O branch. In the case of the 
H» molecule, on account of its very small moment of inertia (that is, 
of the wide spacing of the rotational levels), only very few lines in 
each of these branches are expected to occur at room temperature, and 
even fewer lines at lower temperatures. Fig. 3 shows the expected in- 
tensity distribution in the 2— 0 band for a temperature of 150°K. 


This temperature was chosen fourteen years ago [4], when this figure 
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FiGuRE 3.—Predicted structure and intensity distribution of the 2—0O quad 

rupole band of Hz at 150°K. The height of the vertical lines indicates the predicted 
intensity. 


was prepared, in order to be able to compare with the spectrum of the 
major planets in which large amounts of hydrogen were expected. 
James and Coolidge [5! have made more detailed calculations of the 
absolute intensities to be expected for these transitions and on the 
basis of their calculations one finds that the 1-—0, 2—0, and 3—0 


bands would require 2.5, 2.7, and 13.0 km. path at atmospheric 


pressure respectively. 

With the absorption tube at Yerkes Observatory, which I mentioned 
previously, it appeared possible to observe the quadrupole spectrum of 
hydrogen since by increasing the pressure to 10 atm. an equivalent 
path of up to 55 km. atm. could be obtained. When this was done the 
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above prediction was indeed verified in that the 2—0 band was 
observed with a path length of 10 km. atm. and the 3—0 band with 
a path length of 40 km. atm. [6]. Fig. 4 shows several of the observed 
lines. Unfortunately, the spectral region in which these lines occur is 
overlapped by absorption due to water vapour and therefore in each 
case a comparison spectrum without hydrogen is shown. In this way 
the quadrupole lines of hydrogen can easily be identified. It should be 
particularly noted that in spite of a pressure of about 10 atm. the 
quadrupole lines are extremely sharp. Their width was as small as 
could be obtained in the second order of a 21 ft. grating. 


—11878.7 
+—11620.2 
— 382.2 
——ti3T!.9 


$10) st) $(2) 
nes2.sok 610.9@A 379.222 
FiGurE 4.--Lines of the 2-0 quadrupole band of H The top strips show 
for comparison the spectrum of moist air. In this way the quadrupole lines of H 


in the bottom strips can be identified in spite of the overlapping H.O spectrum 


\ slight systematic shift was observed between the predicted 
positions of the quadrupole lines (predicted from the rotational and 
vibrational constants of hydrogen derived from its ultraviolet spec- 
trum). This shift is due to the low accuracy obtainable in the far 
ultraviolet. By using the quadrupole spectrum it was possible to obtain 
greatly improved rotational and vibrational constants of the hydrogen 
molecule in its ground state. These data are of particular interest from 
the point of view of a calculation of the thermodynamic properties of 
hydrogen 

Unless the amounts of hydrogen present in the atmospheres of the 
major planets are very much larger than those used in the laboratory, 
spectra of very high resolution will be required in order to detect 
hydrogen by means of these quadrupole lines in planetary spectra. 
Such high resolution has not yet been accomplished. But Kuiper 
[7], at Yerkes Observatory, has observed a diffuse feature in the 


spectra of Uranus and Neptune at 8267A which is exactly at the 
position of the line S(O) of the 3-0 quadrupole band. This line 
would be the strongest line expec ted at very low temperature. How- 





G. HERZBERG 


ever, the considerable width of the planetary feature (about 40A) 
makes it impossible to identify it as the quadrupole line. 

More recently the rotation-vibration spectra of hydrogen as well as 
of other homonuclear molecules have been observed by Crawford, 
Welsh, Locke, and their collaborators (8; 9] at Toronto in absorption at 
high pressure, i.e., as forbidden transitions of type 2(b). These spectra 
are very different from the quadrupole spectrum in that their intensity 
increases with the square of the pressure and that in place of sharp 
lines very broad features (about 300 cm™~! wide) are observed. 

Condon [10], in 1932, predicted a rotation-vibration spectrum of 
homonuclear molecules induced by a constant electric field. This 
spectrum can also be considered as a Raman spectrum at zero exciting 
frequency. The same three branches are expected as occur in the 
quadrupole spectrum. It appears that the spectra observed by Craw- 
ford and Welsh correspond to this spectrum except that the external 
electric field is replaced by the collisions with other molecules. 

Crawford and Welsh observed that the /ine width of this pressure 
induced spectrum decreases with decreasing temperature. This is 
shown for the 2-0 band in Fig. 5. While for the fundamental (1-0 
band) at low temperature essentially three lines occur, Q(1), S(O) 
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8 . 
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Ficure 5.—Induced infrared absorption of H2 near 8500 cm™ at 300° and 80°K 
according to Welsh, Crawford, MacDonald, and Chisholm [9}. 
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and S(1), for the overtone (2—0 band) some additional lines, marked 
Q’, S’'(0), S’(1) appear (see below 

Since the positions of the pressure-induced lines of the 1—0O and 
2—0 bands agree closely with those of the quadrupole lines it ap- 
peared probable [11] that the planetary feature observed by Kuiper 
at 8267A whose position agrees with S(O) of the 3--O0 quadrupole band 
might be the S(O) line of the pressure-induced 3-0 band. A test of 
this assumption was therefore made with the high pressure, low tem- 
perature absorption tube mentioned in the introduction [12]. In 
agreement with the results of Welsh and Crawford, at room tem- 
perature the 3--0 band was found to consist of very diffuse features. 
When, however, the temperature was lowered to that of liquid nitro 
gen a much clearer and more definite spectrum was obtained which is 


shown in Fig. 6a. In this spectrogram actually more lines are seen than 


i. 100 atm, BOM 
4 re K 


; 
mai on 


Uranus 


t CH, 


° 
B267A 


Ficure 6,-—Induced infrared absorption of Hg near 8270A observed (a) in the 
laboratory and (/) in the spectrum of Uranus after Kuiper. The three diffuse lines 
marked 3—0 are Q(1), S(O), and S(1) (from right to left) of the single transition 
3-0. The three lines marked 2—0, 1—0 are Q(1), S(O), and S(1) of the double 


transition 


expected. The expected lines are the three lines at the right, Le., 
Q(1), S(O), and S(1). The two lines at shorter wavelengths cannot be 
accounted for as lines of the ordinary pressure-induced spectrum. 
Similar additional lines occur in the 2—-0 band (Fig. 5) although they 
are more overlapped by the normal lines. They have been explained 
by Welsh and Crawford as due to a double transition, that is, a trans- 
ition in which each of the two colliding molecules goes from the lowest 
vibrational level to that with v 1. In other words, the wave number 
of this transition is twice the wave number of the 1--0 band with 
rotational energy added in the same way as for the single (2—0O) 
transition. Similarly the extra lines in the region of the 3-0 band 
(which are actually stronger than the lines of the single transition) 
can be accounted for as due to a double transition in which one of the 
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collision partners goes from v 0 to 1, the other simultaneously from 
v = 0 to 2. Table | shows the wavelengths predicted on this basis 
as well as those of the observed lines. The central line has to be 
assigned to both the single band and the double band. The agreement 


between observed and calculated lines is so good that hardly a doubt 


rABLE I 


OBSERVED AND PREDICTED PRESSURE-INDUCED SPECTRUM OF H 


Observed Predicted 
signation r r 
A (A 


S469 


Single transition 


3-0 


Double transition 
(2—0, 1-——0 


can remain as to the correctness of the interpretation of the spectrum 
as due to a single and a double transition even though it appears 
rather difficult to account on a theoretical basis for the occurrence of 
such a double transition. 

It appears to be significant that the line S(O) of the single transition 


agrees closely both in wavelength and in width with the feature 267A 


observed in the spectra of Uranus and Neptune. Fig. 65 shows, for 
comparison with Fig. 6a, one of Kuiper’s Uranus spectra on which the 
8267A feature can be seen. With one exception the other lines of the He 
spectrum are obscured in the planetary spectra by strong CH, bands. 
The line 8166A is not completely obscured by CH, and there is indeed 
evidence that it is present in the Uranus spectrum. However, it appears 
to be considerably weaker relative to 8267A than in the laboratory 
spectrum. This difference can be accounted for by the assumption of 
the presence of large amounts of helium in addition to hydrogen, since 
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collisions of He and Hz would enhance the single transition but 
not the double transition. At any rate it appears that the presence of 
large amounts of H, in the atmospheres of Uranus and Neptune is now 
established by means of the pressure-induced Hz spectrum. The a- 
mount of Hg necessary to account for the observed intensity of the 


8267A feature in Uranus can be roughly obtained by comparison with 


the laboratory data on the basis of the quadratic dependence on the 
pressure. Assuming a temperature of 78°K, a helium-hydrogen ratio 
of 3: 1, and therefore a scale height of 18 km., one finds a partial 
pressure of 2 atm. of Hy, at the bottom of the visible atmosphere. 
Another example of a forbidden rotation-vibration spectrum is the 
rotation-vibration spectrum of HD. In its equilibrium position the HD 
molecule, just as the H, molecule, has no dipole moment and therefore 
no rotation-vibration spectrum would be expected. This spectrum is 
also forbidden by the selection rule that even electronic states com- 
bine only with odd ones, a rule that applies to all molecules whose 
nuclei have equal charge. However, when the nuclei are vibrating, as 
shown in Fig. 7, since the centre of mass remains at rest but is no 
longer symmetrically placed, both the centre of the “‘positive’’ and 
that of the ‘negative’ charges move back and forth. On account of 


‘ 


the inertia of the electrons the centre of the ‘‘negative’’ charges will 
lag behind that of the ‘positive’ charges, and therefore an oscillating 
dipole moment arises which in turn produces a rotation-vibration 
spectrum. Wick [13] about fifteen years ago calculated the intensity 


of the 1-0 band of this spectrum. According to his formulae it 
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FiGuRE 7.—Successive stages of vibration of HD showing origin of dipole 
moment. The centre of mass is at C, the centre of both positive and negative 
charges would be at X if the inertia of the electrons were neglected. 
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would require an absorbing path of the order of 30 m. atm. to detect 
this band. With the absorption tube described earlier it has been 
possible to observe the 3-0 and 4-0 bands of HD at 9650 and 


7420A using an absorbing path of 1000 m. at a pressure of | atm 


[14]. Fig. 8 shows the 4-0 band. Unlike the quadrupole spectrum of 
hydrogen, in the present case one has the usual simple structure of a 
P and an R branch which are clearly visible. By an exact measurement 
of these bands it has been possible to obtain improved molecular 
constants of the HD molecule. 


FIGURE 8 1-0 rotation-vibration band of HD 


A surprising result is the comparatively small difference in intensity 
of the 8. 0 and 4 0 bands of HD contrary to the usual very rapid 
decrease of intensity in the series of overtones. This small intensity 
decrease in the case of HD is apparently connected with the fact that 
the dipole moment is produced by the vibration. Quantum-theoretical 
calculations by Wu [15] at Ottawa have indeed shown quantitatively 
that such a small intensity decrease should be expected. It will be 
interesting to observe the pressure-induced spectrum of HD, but such 
experiments have not yet been carried out. 
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E. FORBIDDEN ELECTRONIC BAND SPECTRA 


Let us turn now to the discussion of forbidden electronic band 
spectra, that is, transitions in which the molecule goes from one 
electronic state to another such that one or more of the electronic 
selection rules are violated. The most common type of forbidden 
electronic transition in diatomic molecules is the intercombination be- 
tween two states of different multiplicity (that is, a transition violating 
the approximate selection rule AS = 0). The first case of this type 
that was observed and identified as such was the Cameron system of CO 
which represents a *II '> transition, the lower state being the 
ground state of the molecule [16]. These bands have been observed 
both in emission and in absorption. In absorption they require an 


absorbing path of about | m. at atmospheric pressure. Fig. 9 shows 


“10 


FIGURE 9 0—0 Cameron band of CO in absorption. 


the structure of one of the bands as obtained in absorption [17]. Each 
band consists of three overlapping components of three branches each, 
corresponding to the three components of the *II state. 

Transitions similar to the Cameron bands of CO have been ob- 
served for many of the halides of the elements of the third column of 
the periodic system by Miescher and Wehrli [18]. At Ottawa recently, 
Sharma |19] observed the corresponding transitions in AICI and AlBr. 
In these cases the triplet splitting in the *II state is very large compared 
to the rotational constant B, and therefore a coupling case applies in 
which only two of the three components of the *II state combine with 
the ground state. These are the transitions *II, 1d and 7M '\y of 
which the former gives rise to bands with P, Q, and R branches, 
whereas the latter gives bands with P and R branches only. 

Another important case is the so-called Vegard-Kaplan bands of 
nitrogen which represent a *2,," 'y,’ transition, the lower state being 
the ground state of the N» molecule. These bands have been observed 
in emission in certain electric discharges [20; 21; 22; 23] as well as in 
the spectrum of the night sky [24; 25]. One of the first objects of my 
own work on absorption spectra with long absorbing paths was the 
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observation of the Vegard-Kaplan bands of nitrogen in absorption in 
order to verify their assignment as a *2,,* 'y,’ transition and also 
in order to determine their absolute intensity. These absorption bands 
are expected to be in the vacuum region and it is not easy to be 
sufficiently free from the much stronger absorption due to oxygen in 
order to observe them. Recently with our new vacuum spectrograph 
at Ottawa we have tried again to observe these bands in absorption, 
and, using very pure nitrogen, have been able to ascertain that with 
an absorbing path of 6 m. at atmospheric pressure they do not occur. 
Apparently the transition probability for this transition is very much 
lower than that of the Cameron bands of CO. The difference between 
the two cases seems to lie in the fact [26] that in the case of CO there 
is a state, 'II, of the same electron configuration which combines 
strongly with the ground state and from which the forbidden *II iz 
transition can borrow intensity, while in the case of N» the excited 
electron configuration does not give rise to a state that combines 
strongly with the ground state. Another example of this type is an 
extremely weak absorption system of oxygen only recently discovered 


among the forbidden * =~ bands to be discussed later. This 


transition is of the type '2,, "2a 

We have tried to find intercombinations in a number of other 
diatomic molecules: NO, for which a ‘Il —- 7H is expected, SiO, for 
which the analogue of the Cameron bands of CO, *IIT—— 'Z, is expected; 
NH, for which a '> -~ II transition is expected; and CH, for which 


various intercombinations involving the low lying but unobserved ‘2 


state are expected. In all these cases our search has thus far been 


unsuccessful. Further search with improved means would seem im- 
portant in order to round out our knowledge of these molecules. 

While the intercombinations are forbidden transitions of type 1, 
there are also a number of known cases of forbidden transitions of 
type 2(a), that is, transitions rigorously forbidden as electric dipole 
radiation but actually occurring weakly on account of the possibility 
of magnetic dipole radiation. The best known case of this type is the 
red atmospheric oxygen bands which, as was shown by Mulliken [27] 
and Van Vleck [28], represent a 'Z,' sy, transition. The structure 
of the bands is explained in Fig. 10. Since the oxygen nucleus has zero 
spin only the symmetric rotational levels occur which are, in the upper 
state, the levels with even A, and in the lower state, those with odd K. 
On account of the selection rule AJ = 0, + 1, each one of the upper 
state rotational levels can combine with only two of the three triplet 
components of a given lower triplet, thus giving rise to two series of 
apparent doublets. 
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Another example whose structure is also explained in Fig. 10 is the 
infrared atmospheric oxygen bands which represent a 'A, >, trans- 
ition. In this case rotational levels occur for each J value of the upper 
state 'A, and, therefore, additional branches occur, one each in which 
the rotational quantum number A changes by + 2, and three branches 
in which it changes by 0. All these branches have been observed [29] 


in the 0-0 band which occurs prominently in the solar spectrum at 


1 


tent O 2 3 4 
dig end oN o fx ; 
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Ficure 10.—Origin of branches in '2y wg and ‘dA, a, bands. 


12700A. While the red atmospheric oxygen bands can be obtained in 
absorption with a path length of 6 m. at atmospheric pressure, the 
infrared bands require a much longer path of the order of 50 m. The 
reason for this difference is clear when it is considered that the infra- 
red bands, in addition to being a magnetic dipole intercombination 
transition, violate the rule A A = 0, + 1. The red atmospheric oxygen 
bands have also been observed in emission, both in the spectrum of 
the night sky (80] and in the laboratory in certain flames and after- 
glows [31; 32]. 

Still another example of a magnetic dipole transition is the system 
of far ultraviolet absorption bands of the nitrogen molecule usually 
referred to as Lyman-Birge-Hopfield bands |33]. They extend from 
1450A to shorter wavelengths and represent the first moderately strong 
absorption system of the N» molecule. In order to observe this system 
an absorbing path of about 40 cm. at atmospheric pressure is required. 
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It was recognized only a few years ago [34] that these bands represent 
a magnetic dipole transition of the type 'Il, — '2,*. At Ottawa we 
have recently re-investigated the Lyman-Birge-Hopfield bands [35] 
in emission in an electric discharge at low pressure and have established 
the presence of a predissociation in the upper level, at an energy of 
about 9.7 e.v. This predissociation is of some importance because it 
will lead to the production of free nitrogen atoms in the upper atmos- 
phere by solar radiation below 1270A, 

The first long absorption tube that | built over twenty years ago 
gave an absorbing path of 25 m. When it was filled with oxygen at 


atmospheric pressure, | found a new very weak absorption band system 
of oxygen in the region 2500A [36]. The bands of this system appear 


under medium dispersion to consist only of Q branches and were 
therefore ascribed to a Y* >~ transition, i.e., a forbidden transition 
of type 1. In the present case the approximation to which the selection 
rule (=* « >>) holds is extremely good, and these bands are even 
weaker than magnetic dipole transitions. More recently [37] this band 
system has been re-investigated under high dispersion with the much 
longer absorbing paths set up at Yerkes Observatory. More bands 
at longer wavelengths have been found and the fine structure has 
been completely resolved. big. 1} shows part ot one ol the bands under 
high resolution. It is seen that each of the “lines” of the Q branch is 
resolved into six component lines and, in addition, some fainter lines 


belonging to different branches are present. The fine structure is in 


as 4 >> 
FiGure 11 Part of the 9 —O band of the °2,, iady system of Ov under 


high resolution. Under low dispersion the groups of lines marked K = 7, 9, 11, 13 


below form one apparently single Q branch 
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agreement with the assumption that this transition is a *Z," "Zz. 


transition which, although forbidden by the selection rule 2* —— 
occurs weakly on account of spin-orbit interaction. Fig. 12 gives an 
energy level diagram for such a transition. It is found that the triplet 
splitting in the upper state is about twice as large as in the ground 
state of O», and has the opposite sign. Applying the selection rule 
AJ = 0, + I, it is readily seen from this diagram how seven Q branches 
arise, two of which coincide, and how, in addition, branches with 
AK t 2 are to be expected, i.e., O and S form branches. The 
observed relative intensities of the various branches do not agree 
well with those predicted from theory. However, on account of the 
closeness to the dissociation lit, special coupling conditions apply 
which were not considered (in che theoretical predic tion. It may be of 
interest to recall that this band system has been identified as occurring 
in emission in the light of the night sky [38; 25]. 


Phe *2," ‘Y, bands observed in absorption form a simple pro- 


gression with a clear convergence limit at 2425A. The energy of this 


dissociation limit is slightly higher than expected from the well-known 
dissociation limit in the Schumann-Runge bands of oxygen by sub- 
tracting the excitation energy of the 1D state of atomic oxygen. The 
reason for this discrepancy may lie in the fact that the dissociation 
products of the *2,* state are not *P, + *P.2, but *P, + *P, 6 ». How- 
ever, if that were the case, a contradiction to the non-crossing rule 
would arise and it is perhaps more likely that the fault lies with the 
slight extrapolation made in obtaining the dissociation limit of the 
Schumann-Runge bands. If this were correct the dissociation energy 
of the O» molecule would have to be changed from the value 5.080 e.v. 
now usually quoted to 5.109 e.v 

linally, | should like to consider examples of forbidden electronic 
transitions of ty pe 2(b) which have also been observed for the oxy gen 
molecule. If the absorption spectrum of oxygen is studied at higher 
pressures, a number of completely diffuse bands are observed in the 
visible region in addition to the ordinary atmospheric oxygen bands. 
The strongest of these bands occur at 6300, 5780, 4775, 4475, 3815, and 
3617A. Even under high resolution there is no indication of any fine 
structure. These bands can be observed at comparatively low pressures 
if the path is sufficiently long. The intensity of these bands increases 
with the square of the pressure and they have generally been ascribed 
to the presence in oxygen of O,4 molecules. As was first shown by Ellis 
and Kneser [39], all these bands can be well accounted for, as far as 
their wavelengths are concerned, as due to double electronic transitions 
in an Oy, molecule or quasi molecule. If in both O2 molecules forming 
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bottom gives schematically the resulting spectrum Only one line of each branch 


is shown 
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an O, molecule a transition to the 'A state takes place simultaneously, 
the resulting wavelength is 6342A which agrees with one of the strong 
diffuse bands. Similarly, if in one of the O» molecules a transition to 
the 'A state takes place, and in the other a transition to the !Z state, 
the resulting wavelength is 4760A; and if in both O». molecules the 
transition to 'Z takes place the wavelength is 3810A. Both these wave- 
lengths again agree with two of the observed diffuse bands. The 
remaining bands can be accounted for by adding vibrational quanta 
of the 'A and 'D state. It would appear that there is a close analogy 
of these double transitions of oxygen to the double transitions in the 
rotation-vibration spectrum of hydrogen discussed previously. 

In addition to the diffuse bands in the visible region, there occurs at 
high pressure a progression of ultraviolet bands which almost coincide 
with the y* >~ bands of oxygen [40; 41]. However, these pressure- 
induced bands may be observed simultaneously with the  * 


- 
bands and cannot, therefore, be just pressure-broadened  * 
| 


bands. Fig. 13 shows a spectrum in which both systems can be seen. 


ssakh 


FiGure 13.-—Near ultraviolet absorption of O. at 8 atm. pressure, and a path 
sw + >> 
length of 90 m. ‘The discrete °2, > bands are marked at the bottom, the 


diffuse triplet bands of Wulf and Finkelnburg and Steiner are marked at the top 


ach of the pressure-induced bands has three maxima, but otherwise 
iscompletely diffuse. With the long paths used in the more recent work 
it has been possible to observe at lower pressures a system of very faint 
and rather complicated bands which may be the exact analogue in 
free O» of the pressure-induced bands. These bands have tentatively 


been assigned to a °A,, Y, transition in oxygen. 


( ONCLUSION 


Just as for diatomic molecules, forbidden transitions are of con- 
siderable importance for the study of polyatomic molecules. Singlet- 
triplet intercombinations, as well as other forbidden transitions of 
type 1, have been found for them (for example, the wel!-known near- 
ultraviolet absorption bands of CeH,). As far as | am aware, no for- 
bidden transitions of type 2(a), 1.e., magnetic dipole and quadrupole 
transitions, are known for polyatomic molecules. Pressure-induced 
infrared bands of COs, i.e., forbidden transitions of type 2(b), have 
been observed by Welsh and Crawford [8]. Both for polyatomic and 
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for diatomic molecules a good deal of work remains to be done on 
forbidden transitions. Experimentally, the discovery of new forbidden 
transitions and the study of their intensities and of the conditions of 
their occurrence will contribute to a_ better understanding of the 
structure of the molecules considered and to the solution of certain 


astrophysical and chemical problems. Further theoretical work on 


forbidden transitions is needed in order to understand such phenomena 


as the occurrence of double transitions in collisions between two 
hydrogen molecules and two oxygen molecules, the intensity distri- 
bution in the branches of forbidden bands, and the absolute intensity 
of forbidden transitions. 
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SECTION THREE 
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Dominated Convergence of Kantorovitch Polynomials 
in the Space L? 
P. L; BUTZER 


Presented by R. L JI FFERY F.R.S.C 


1. INTRODUCTION 


[' F(S) belongs to the class L', of Lebesque integrable functions over 


the closed interval [0, 1], then the Kantorovitch polynomial (see 


[3] or [4]) corresponding to the function f(x) defined in [0, 1] 
(1) 


where 


In the form of a singular integral, this polynomial can be written 


el 
(2) P,' (x | K(x, i f(t) dt 
oJ | 


with non-negative kernel 


At every point x, where {(x) (x), that is, almost evervwhere in 
{0, 1], Lorentz [4] has proved that 


(4) lim P,,/(x) f(x) 
In §2 we obtain an independent proof of this result as an immediate 


application of a general theorem. In §3 we shall show that the poly- 
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nomials P,/(x) approach the corresponding function f(x) dominated], 
(for this term, in the space L', see {2, p. 6]) in the space L’?, p > 1. Asa 
corollary of this fundamental theorem we deduce that the P,/(x) 
“converge strongly” to f(x); the proof of the latter result previously 
was based on a rather particular theorem (cf. [4}). 

I with to thank Professor G. G. Lorentz and Professor W. J. Webber 
for their kind interest and helpful suggestions. This paper was written 
during the tenure of a grant from the National Research Council, 
Ottawa. 


2. CONVERGENCE OF THE P,/ (x) 


LEMMA 1. Jf the non-negative kernel x,(x,t),0 <x < 1, asa function 
of t increases for t < x and decreases for t > x, then the conditions 


(5) lim | Xn(x, t) dt 
n . 0 
(6) %n(X%, tf) > UVasn 


imply that 


al 
xn(x, Lf (t) dt > f(x) 


at all points where f(x) is the derivative of its indefinite integral. 


kor the proof, we refer the reader to the work of Romanovsky [6]. 
We shall now show that our kernel (3) satisfies the hypothesis of the 
lemma. Obviously 


v1 n 
(8) | K,, (x, t) dt 2. P.n(X) t. 
Ji vex () 


Now if 6 = n-*, 0 <a < 3, then it is known that (cf. [4]) for every 
k > 0 there exists a constant C depending only on @ and k& such that 


2, . Pvalx) < Ca™ 


vin 


From this inequality we obtain (7 + 1)p,,(x%) ~O for y/n 


so K, (x, 1) ~ 0 for t # x. kurthermore as 


a function of v increases with v for fixed n and x as long as 
x and then decreases for larger v. Hence K,(x, t) increases 
for ! < x and decreases for tf > x. From (7) we obtain P,,/(x) — f(x) 


p.p. (that is, almost everywhere). 
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3. DOMINATED CONVERGENCE OF THE P, v) IN THE SPACI 


First of all, we need the inequality 


n—l 


(9) _ (n+ 1 


Since 


Pon(X) — Poin 


the left-hand side of 


l 


— i(v+i1 
v(1 2 


X y n 


[tv + I 


because it is known that (see [4] or 


v(1 XY) 


7 | 
at, 


5 (v NX) Pon\X) 


Phis establishes the inequality (9). 


We shall also make use of the following general lemma. 


LEMMA 2. Let x,(x, t), fixed 0 


1 be a non-negative function of 
hounded variation in the variable t, 0 < t 


1, depending on the parameter 
n, with x, (x, 0 0 and satisfying the conditions 


(10) | K(x, t) dt 


(11) | - Id exn(X, t)| < Ci, 


where C and C, are independent of n. Define 


ol 
IT, (x) | x, (x, tif (t) dt 


where {(t) L'{0, 1). Then 


sup IT, (x)| < A+ O(x;f) p-p., 


where the constant A | C + 2C,) is independent of f and n and 
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; 1 af 
O(x; f) = sup sage | f(u)\ du. 
cre = ae 
t#x 


The proof of this lemma follows by a method similar to the one in 
(8, pp. 246-7]. 

The hypothesis of this lemma is readily seen to be satisfied by our 
kernel K,,(x, t). In particular, the relation (8) shows that the inequality 
(10) is satisfied with C = 1 and on account of (9), (11) is satisfied with 
C, 1. Hence we obtain that the polynomials P,/(x) are majorized by 
the function 36(x; f) for every n (n = 0, 1, 2,...), that is, 

(12) sup|P,,/(x)| < 3 0(x; f). 
Now Hardy and Littlewood (see [8, p. 244]) have shown that if 
L*|0, 1], p > 1 then @(f) © L?{0, 1] with 


ol Pp al 
(13) j # (x; f) dx < a. P +) | f(x) |? dx. 


In view of the relations (4), (12), and (13), we deduce the fundamental 


theorem. 


THEOREM. Jf f © L?\0, 1], p > 1, the polynomials P,/(x) are domi- 
natedly convergent almost everywhere in the space L”, in other words 

(i) P,/(x) — f(x) p.p. in [0, 1], 

(ii) there is an element 0(x; {) in the space L? such that P,/(x)| < 30(x;f) 
p.p., for all n. 


CorROLLARY. Jf f © L*{0, 1], p > 1, the polynomials P,,/(x) converge 
strongly to f (x), namely 


al 1/p 
(14) P,’ — files | | P,'(x) — f(x)? ax | >(), 


For, |P,/(x) — f(x)\? approaches zero almost everywhere and is domina- 
ted by an integrable function, and hence by Lebesgue’s general conver- 
gence theorem the relation (14) follows. 

The same methods of proof have been used to establish similar 
theorems in the Banach spaces A(a, p) and M(a, p), 0 <a <1, 


p > 1, introduced by Lorentz [5]. The details are found in {1}. 
Recently, E. Levi [Atti. Accad. Naz. Lincei. Rend. Cl. Sci. Fis. 

Mat. Nat. (8), vol. 9 (1950), 242-246; (8), vol. 10 (1951), 360-364] has 

also established the above corollary proving that the P,/(x) converge 


strongly to f(x) in the space L?, p>1. His proof involves approximat- 


ions by step functions. 
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On the Relation between the P’-integral and the Cesaro- 
Perron Scale of Integrals 
H. W. ELLIS 


JEFFERY, F.R.S.¢ 


Presented by R. I 


1). James [3] has defined a second Perron integral (P?-integral) 


+. R: 
and shown that it contains and is more general than the Cesaro-Perron 
integral of J. C. Burkill. The Cesaro-Perron integral is the integral of 
order one in the Cesaro-Perron scale {1| of integrals of increasing 
generality. The purpose ol this note is to give examples showing that 
ire P?-integrable without being C,P-integrable 


there are functions that ; 
there are functions 


for anv r and that, for r an integer greater than one, 
that are C,P-integrable without being P?-integrable 


2. The functions 


f(D, x) ¥* sin x *, o(d, x) 
i(p, 0) 
are C,P-integrable on any finite interval containing the origin if and only 


ifr > (p q 1) q 
Fix 2k > (pb — q 1) /q. The 2kth derivative f°) [p 

# () and consists of a linear combination of 

2kq, x|. Defining 


2k(q T 1), | 
exists for x the functions 
f(p, x), g(p ae) Serger f° 
2k, x # 0: 


T 


F(x) p*-Pl» — 2k(q + 1), x], 


F.(0) 0, f(x) Fa(x) 


Fas (0) Olx ae “7 % > (). 


will be C,P-integrable on (a,b) (with Fy(a F(a 


The function f(x 
if Fy(x) is C,-continuous 


serving as both a major and minor function 


at. & 0, that is if 


lim (x t) "Fy (t) dt Fi (0 
6X 4 


oO 
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the integration being in the C,_,P-sense. By successive integrations by 
parts, valid for the Cesaro-Perron integrals involved, this is equivalent 
to 
(2) 
It follows that f(x) is C,P-integrable on (a, 6) if r > (p 

Similarly fi(x) = g??[p — 2k(q + 1) — gq, x], x 4 0, fi(O) 
linear combination of the functions g(p — q, x), f(p — 2q, x 


g\p 2k + 1)g, x] and is C,P-integrable on (a, 6). Continuing in this 


way a C,P-integrable linear combination f,(x) of the functions 
f(p—ng,x),...,/|p — Qk + n)gq,x] is obtained for n even and a similar 
combination with f and g interchanged for n odd. For the smallest 
integer n > (p+ 1)/q, all of the terms of f, (x) except f(p — ng, x) 
(n even) or g(p — ng, x) (n odd) will be Lebesgue integrable and 
therefore {(p — nq, x) or g(p —*ng, x) will be C,P-integrable. Reversing 
the order in which the above linear combinations were formed, the 
C,P-integrability of the function of lowest order follows at each step 
and finally the C,P-integrability of {(p, x) is obtained. 

\ consideration of (1) and (2) shows that f(x) is not C,P-integrable 
if ry «< (p q 1) q: We may suppose that r+ 1> (p q 1 q; 
for if it is shown that f(p, x) is not C,P-integrable for such a value of 7 
it follows from the consistency of the Cesaro-Perron scale of integrals 
that f(p, x) cannot be C, P-integrable for r’ < r. Under this hypothesis 
fi(x) is C,P-integrable as are all of the terms of f(x) except f(p,x). 
It follows that f(p, x) cannot be C,P-integrable on (a, 5). 


3. For r fixed there are functions that are P?-integrable without being 
C,P-integrable. Consider 


‘ 


F(x) “sin x”, G(x) “cos x”, x ¥ 0, F(O) G(0) 
f(x) = F(x), g(x) = G" (x), x 4 0, f(0) = g(0) = 0. 


By James’s Theorem 4.2 [3] the functions f(x), g(x) will be 
P?-integrable over (a, c, 6) where (a, >) contains the origin if F(x), G(x) 
are continuous and smooth at x 0. Continuity will be assured by 
(i) a > 0: smoothness by (ii) x8 even, x@ odd for F(x) or G(x), or x8 odd, 
x even for F(x) or both odd for G(x). From §2, f(x) will not be C,P- 
integrable if (iii) a < BUI r) + 1. Values of a and @ satisfying (i) 
(iit) include g 2(2r + 1)7', a 3(2r + 1)>' in the definition of 
F(x) or G(x), or B (2r+1)',a (ry 4+- 2)/(2r + 1) in the definition 


of F(x) if r is even and of G(x) if 7 is odd. 


4. There are functions that are P*-integrable without being C,P-integrable 


forany? 





H. W. ELLIS 


Let J, denote the interval [2~-", 2~"*'] and define 


’ 


© F(e) 0 elsewhere 


It follows from §3 that f(x) is not C,P-integrable on ( , 1) for any 
r. We shall show that the constants x,, C, and a,(n oe? eee) ee 
be so chosen that /(x) its P?-integrable over | 1°63 lor ever\ 
P< 6 <8 


F(x) has maxima for 


and the values of k ,... for which a » Lhe maximum ol 


F(x) corresponding to a fixed k (notation max, F,,(x)) satisfies 


S. ae 
| ioe ead a 


If x, and c, are chosen so that max, F, (x) ts at 


n 


at x 2-" it may be verified that 


max_p F(x) | 16 
max, F,(x) 3(4p 1) 
If p > 2 is fixed and the values a, chosen so that 


Pols) o1 Paiy(2 
it then follows that, since max, d,4; Fy41(x) max_, a, F,(x), 


Max, Ong. Fai (x) 
: rx < i, all's. 
max, a, F(x) 


Since max, a, F(x) is the maximum of F(x) on J,, F(x) is continuous 
at x = 0. Since F(x) is odd and F(0) 0, F(x) is smooth at 4 0) 
By definition F(x) is continuous at the points + 2-", n = 0, 1, 2, 
and is smooth at these points since both right and left derivatives are 
zero there. As in §3, F(x) is smooth and continuous at each point x, and 
the P?-integrability of f(#) follows from James's Theorem 4.2. 


5. Ifa 0 in the definition of g(x) in §3, g(x) is not P?-integrable over 
(— 1, c, 1) since F(x) cannot be defined so as to be continuous at 
v 0. By §2 g(x) is C,P-integrable if r > (8 + 1)/8 and is therefore 
C.P-integrable for 8 > 1. 

All of the preceding relations hold with the more genreal GM, 
integrals [2] replacing the corresponding C,P-integrals. 
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Unbounded Operators and a Theorem of A. Robinson* 
G. G. LORENTZ and M. S. MACPHAIL 


Presented by R. L. JEFFERY, F.R.S.¢ 


1. INTRODUCTION 


ET B be a Banach space of elements x with convergence defined as 
| usual by the norm. Let ¢,,, (m,n 1, 2,...) be linear (not neces- 
sarily bounded) operators mapping B into itself. In a recent paper, 
A. Robinson [4] (see also Melvin-Melvin [3]) has proved the following 
interesting generalization of the theorem of Toeplitz on regular sum- 
mability methods. The word “bounded,” applied to an operator T (but 
not to its value 7x) will always inean the existence of the norm || 7 


THEOREM 1. Jn order that the transformation 


(1) Yn = > tan Xn 
n=l 


be defined for each convergent sequence x, B and that lim y, = lim x 
it is necessary and sufficient that 


lim fy», 0) 


r 


lim ¢,, Ve 


buany bm.N+15 
for some constants M and N. 


Here 0), I are the zero and the identi al operator, respec tively, and 
(2) means for instance that ¢,, x0, m— © for each x B. The 
“group norm” |/f,, t441, .| is defined by 


(6) Ba Read oo sup |it, x, 4+ 
taken over all integers u > v and all x, with |jx,, < 1 (p=v,..., pm) 


*This paper was written while the authors were members of the Summer Research 
Institute, Canadian Mathematical Congress, Kingston, 1952 
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Condition (5) implies that the operators ¢,,, must be bounded for 
n > N. If they are assumed bounded for all n, m = 1, 2, ..., this 
theorem follows easily from the Banach-Steinhaus theorem for operators 
on c(B) (see §2); Robinson and Melvin-Melvin give much longer 
proofs. The purpose of this note is to give a general theorem on linear 
(possibly unbounded) operators which seems to be new (Theorem 3 in 
§3 and its variant, Theorem 4) and to show that the general case of 
Theorem 1 follows from the special case and this result. The existence 


of such a theorem was suggested to us by Robinson’s general theorem. 


2. BOUNDED OPERATORS 
lor a given Banach space B, we denote by ¢(B) the set of all sequences 
X (Xn}, X» © B, converging in B. c(B) is a Banach space with the 
norm 


sup | |X, 
, 2) are linear operators from B to B, the sum 


> t,x, = TX 


1 
is a linear operator trom ¢ (B) to B: its norm is easily seen to be 


n 


sup ® ty x, 
1 


For a sequence ¢ my eee itty. ++ bnl| les, ee, .. ||. A fundamental 
set in ¢(B) consists of all sequences of the form (0,..., 0,4, 0,... 
and (x, x, ...). Hence, by the Banach-Steinhaus theorem |1, p. 80, 
theorem 5] a series }>) ¢, x, is a bounded linear operator 7X from 
c(B) to B if and only if }°t, converges and | ft), fo, ...) < + © (this is 
Fheorem III in [4]). Moreover, 


1 Py Pee 


Assume now that the /¢,,, in (1) are bounded operators. Applying the 
Banach-Steinhaus theorem to the sequence of operators 


oe eS be ey 


we obtain immediately Theorem 1 for our special case. 

{Remark during the proof (December 19, 1952): essentially the same 
proof was given by K. Zeller in his paper [ Veraligemeinerte Matrixtrans- 
formationen, Math. Z., vol. 56 (1952), 18 20] which appeared after 
this note was accepted for publication. However, Zeller leaves open the 


case of Robinson’s general theorem. | 
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We note also the following theorem, whose proof follows along the 


same lines as [2, theorem 1]. 


THEOREM 2. The transformation (1) has the property > | Vm 
whenever >. \\X, < + © if and only tf, for some constant M, 


(7) > tun X11} & M for 


3. UNBOUNDED OPERATORS 


We now give the theorems referred to in the introduction. 

THEOREM 3. Let B bea Banach space and Ly, (m 1,2,...) closed 
linear subspaces of B. Let T be a linear operator mapping B into itself, 
such that T,, is bounded on Ly». Let 17, x, To x,... be a bounded sequence 
for each x B. Then there is an N such that all T,, are bounded on 


ee 7S 


m= 


Proof. We may assume without loss of generality that L, - 


inn for otherwise we should consider 


pas f) Lu. 
p=! 


Suppose the conclusion does not hold. Then for each Ene there is a Ie 
which is not bounded on L,,, where necessarily n > m. Passing to a 
subsequence of the 7),, we may assume 7°,,; is not bounded on L,,, 
for each m. 

Let us be the bound ol i i on | ( hoose a sequence a), G@e,... with 


(8) HH nz1 >, My ¢ 1. 


Choose a sequence X;, Xs, .. + Ol elements of B inductively, as follows. 


Be Ged oy m-) are already known, choose x,, such that x, | 


(10) Tait X sh kt te 
Here x, msi for up > m + 1, and so 


| Se 
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Hence 
(11) om < Hasid, % <1. 


s~>m 


From the relations (10), (9), (11), (8) it follows that {77 x} is unboun- 
ded. This contradiction proves the theorem. 


THEOREM 4. Let L;C LeC...be closed linear subspaces of a 
Banach space B. Let T,, Se Pe me me 2. 2 4), ere La Se. 
T,,’ are linear operators mapping B into itself, each T,,' is bounded, and 
S» vanishes outside of L,,. Let |T, x} be bounded for each x B. Then 


there is an N such that all T,,, are bounded on the part of the unit sphere not 
contained in Ly. 


The proof is a variation of that of Theorem 3. Let U be the unit 
sphere of B. We may assume that 7°,,; is not bounded on UL’ — Ly. 
We take /7,, 7,,’|,, and define the a,, as before. The x,, are defined 
inductively such that 


m—1 
Vm Lm» Om||Tmo1 Xm|]| > m+ Do ay||Tnat X, 
pel 


1 1 { 


1 
Om||Xm Max 13 dm—1, Brees gm rif, 


where d, play Xy, pO > 0 is the distance from ay, X, to big. 
Then for 


ind the proof is completed by applying (10). 
lheorems 3 and 4 remain true even if 7, maps B into a Banach 
space B,, depending on m. A similar remark applies to Theorems 1 and 2. 


1. THe Proor or THEOREM 1 


We begin with the following remark. Let ¢;, fo, . . . be a sequence of 
linear operators, mapping B into itself. If {4, x,{ is a bounded sequence 


for each {x,} x c(B), then there is a number v such that each 
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operator ¢, with n > v is bounded. For otherwise there would be indices 
ny <M. < ...and elements x,, with 


<1 and 
Then if 


we should have 
vy, 0 and 


a contradiction. This proves our statement. 

If now an operator of the form 7, X = Yop tn X_ is defined for each 
X © c(B), it follows that there is a closed linear subspace L,, of c(B), 
viz., the set of sequences with x; = x» =... = x, = 0, on which 7), 
is bounded. Hence, by Theorem 3, there is an N such that each 7), 
(m = 1, 2,...) is bounded on the set of sequences with x, = x2 
= xy = 0. Clearly this implies that all ¢,,, are bounded for n > N. 


By combining this with the special case of Theorem 1 proved in §2, 


we obtain the complete proof of Theorem 1. 
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The Extended Euler-Knopp Transformation 
M. S. MACPHAIL 


Presented by R. L. JEFFERY, F.R.S.C 


Summation methods based on the following transformations 


Gy(p): ; yy a it p)"dy, 
1 


G2(p): = a (1 — p)"a, 


have recently been studied by W. Meyer-KGnig [3] and P. Vermes [6] 
Here p is a real or complex constant, and the series Soa, is said to be 


G,(p)-summable to s ( 


j 1, 2) if the series >), exists and converges to 
‘2 
(3] 


s. It was noted in that these methods may be generated by the 
functions 


gi(t + (1 pdt, 
g(t) }1 (1 p)ti, 


respectively, by arranging >>, a,{g,(t)}* formally in powers of ¢ and 


} 
putting ¢ 1; this yields the series }°d, in each case. If we take 
g3(t) pt/\1 (1 p)t} 
we obtain the method 


G;(p): by » O, bm (” yer p)" “a, (n 
-\e — 


A 


which can be shown by summing and differencing to be identical with 


the Euler-Knopp sequence-to-sequence method 

n n 
2 a n k 
E(p): 7% = 2 b p*(1 p) a 


Thus G;(p), Ge(p), G3(p) are special cases of the method G in which we 
take any suitable function 
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with g(1) = 1, let Doa,{g(t)i* = +b, formally, and call Ya, 
G-summable to s if 3°, = s. If we put 


r 


(g(t)}' = Dae 

n=O 
(so that c, = c,"’), we may define the series-to-series method G by the 
transiorm 
G: = > 5 

rem 
If co = 0 we have a row-finite matrix; otherwise the rows are infinite. 
The case co = 0, &, > O (nm = 1, 2, .. .) was studied by O. Perron [4]; 
and the same with c, > 0 relaxed, by the author [2]. K. Knopp [1] 
allowed cy # 0, and determined the w-region in which the series }-a, w” 
is G-summable, under certain conditions on g(t), knowledge of the 
singularities of the function defined by S-a,w”" being assumed (the 
analogue of the Borel polygon theorem). 

The cases ¢y = 0 and cy ¥ 0 require somewhat different treatment. 
The aim of the present note is to continue the study of the case cy # 0, 
giving the new form of some of the theorems in [2], and pointing out 
the application to the methods G,(p) and G,(p). Let us write out more 
fully the rearrangement involved in the method G: 


ay ade 


a; g(t) a, Co? + ay cyt + do cot? +... 


diag i g(t)}' = Do + by ft + bo t? 


We see at once that the assumption that 6, is defined for each n implies 


that each column forms a convergent series, and in particular, since 
co" co‘, the series }’a, 2* has radius of convergence at least cy. 
Furthermore, the assumption that }°b, converges implies that +6, ¢” 
has radius of convergence at least 1. We shall also assume that g(1) = 1, 
that the series }-c, ¢’ has radius of convergence greater than 1, and 


that = g(t) maps /f 1 into a simiple closed Jordan curve J in the z 


plane, and maps |t} < 1 simply on D, the interior ¢f J. 


THEOREM 1. Let Soa, 2" have radius of convergence r > cy. Then i/ 
>a, is G-summable, the function Y(z) = Sa, 2” can be continued analy- 
tically through D, and conversely if ~(z) can be continued analytically 
through D’, the closure of D, then >-a, is G-summable. 
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Remark. ‘This can be sharpened somewhat (see [3, theorem 4] for 
G\(p)) but the present form is sufficient for our purposes. 


Proof. \t follows from our hypothesis by the Weierstrass double 
series theorem that each column of (A) converges, and if #(t) = Wi g(t)} 
the expansion (ft) = bp + 6, t+... is valid at least for sufficiently 
small values of ¢. If Soa, is G-summable, $(¢) is defined for ¢ < 1; 
then, if ¢ = h(z), the |function @{h(z)} gives the continuation of p(z 
through D. Conversely, if ¥(z) can be continued analytically through 
D’, then $(t) is analytic on |f} < 1, and }°d, t" converges when ¢ 1 
rhis completes the proof. 


, 


As an example, if a, = w" the function ¥(z) = }¢ w"z" has radius of 


convergence |1/w| and a pole at z = 1/w. Thus for }> w" to be G-sum 
mable it is sufficient that |1/w > ¢o and that 1/w does not lie in D’, 
that is, A(1/w)) > 1. Necessary conditions are |}1/w) > |co and |A(1/w) 
> 1; whether A(1/w) > 1 is necessary depends on G. For G,(p) and 
G2(p) see Vermes [6, pp. 550, 558]. For the summability of }° a, w” in 
the case where J contains the origin and is cut by each half-ray from 
the origin in one point only, see Knopp [1]. 

The method G is regular if all ¢, > 0; the proof given by Perron 
[4, theorem 1] with co = 0 is valid for co ¥ 0. If not all ¢, > 0, the 
method G need not be regular; it may however be regular over certain 


classes of series as shown by Theorems 2, 2a, 3 that follow. 


THEOREM 2. Jf R > \co, a necessary and sufficient condition for G 
to have the property that > a, is G-summable whenever > a, 2" has its 
radius of convergence greater than R, is that D’ should lie in the circle 
zi<R 

Phis follows from Theorem 1. (We remark that if R < 1 the theorem 
is vacuous since J passes through z 1.) More generally, if A is any 


closed domain containing the circle |z, < co in its interior, we have 


THEOREM 2a. A necessary and sufficient condition for G to have the 


property that > a, is G-summable whenever > a, 2" represents a function 
analytic in K, is that D’ should lie in K. 


This contains the main part of a theorem given by J. Teghem [5 


for Euler-Knopp summability 


THEOREM 3. Assume icy <1. Then G 1s consistent with convergence; 
that is, if >, a, and > b, both converge, they converge to the same value 


Proof. If > a, 2" converges for z 1, its radius of convergence is 
greater than ¢o|, so the considerations of Theorem 1 apply. The result 
follows by Abel's theorem on powe! series. Similarly in Theorem 2, 


>a, is G-summable to its ordinary value 
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THEOREM 4. Let >> a, be G-summable, and let > a, 2, have radius of 
convergence greater than \cy. Then >. a, w" is G-summable for all values 
of w such that wD’ C D. 


Proof. We write ¥(z) = Soa, w" 2". By Theorem 1, d-a, w” is G- 
summable if }°a, w" 2” has radius of convergence greater than (co! and 
W(z) is analytic in D’. Now wD’ C D implies |w) < 1, so the radius of 
convergence of }ia, w” 2" is greater than that of }a, 2”, hence greater 
than |¢o|. Also W(z) y(wz), and since p is known to be analytic in D, 
the result follows 


THEOREM 5. Let the series >-a,, >~a,' be G-summable to s, s’, and let 
da, 2", Doa,’2", have radii of convergence greater than \co,. Let S-a,"" be 
the Cauchy product, ay/’ = dy dy +... +4, ao’. Then Sa," is G- 
summable to ss’, provided >°b,, the G-transform of >a,, is absolutely 
convergent, 


For if }°b,’, 30b,"" are the G-transforms of }°a,’, S-a,’’, then }°b,”’ 
is none other than the Cauchy product of }2),, 3°6,’. The result follows 
by Merten’s theorem. 


In conclusion we state briefly the results for Gi(p) and G2(p). For 


Gi(p) we have co = p, and the region D is |z— p) <|1— p). IE Rp < f, 
D contains the origin and the shortest distance from J to the origin is 
1 — p| — |p|. If |p) < 9)1 — p| we have |1 — p p| > |p, so the 
assumption that S’a, 2” is analytic in D’ implies that the radius of 
" is greater than |co\; therefore da, is Gi(p)- 
summable by Theorem 1. The condition in Theorem 2, that D’ lies in 
z, < R, becomes 


convergance of Soa, 2 


pi + \pi < R. 
The condition in Theorem 4, that wD’ C D, becomes 
p/ p)| \w wi < 1. 


For Gs(p) we require pi < 1. We have again co p, and 
the region D is jz — pi <|: p. This is a circle with centre 
p/{1 1 p.*} and radius |1 pi |pi/ ti 1 — p*}. The condition 
in Theorem 2, that D’ lies in |z) < R, becomes 


p/ RK 
and the condition in Theorem 4, that wD’ C D, becomes 
1/(1 p) 


Phe corresponding results for Gs(p) are given in [2]. 


< 
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Representations of Positive Real Numbers by Infinite 
Sequences of Integers 


N.S. MENDELSOHN 


Presented by G. de B. ROBINSON, F.R.S.C. 


1. INTRODUCTION 


UR standard decimal notation is based on the following theorems 
of arithmetic: 


1. Any positive integer NV can be written uniquely in the form 
N ay + 10a, + 10°a. t eee + 10’a, 


where a; are integers such that 0 < a; < 9,1 1,2, 3,...,~7. In other 
words, the integer NV determines the number r and each of the a,. 
2. Any real number M, 0 < M < 1, can be written uniquely in the 
form 
Cy Co ( 


Le mene al 
M 107 10: Freee Fig t 


where c, are integers such that 0 < c, < 9 for 1 Oe ae eee 
furthermore, for infinitely many 7, ¢, # 9. If we remove the latter part 
of the condition, uniqueness is destroyed, for example, the numbers 
0.5000 .. . and 0.49999 .. . are identical. 

These theorems are readily generalized to the case where the number 
10 is replaced by the number a, where a is any integer > 2. Less trivial 
generalizations have been given in [2] by Faber who has shown that: 

1. Every integer can be expressed uniquely in the form 


b, + be 2! + 63 3! +... +5, 2! 


where 6, are integers such that 0 < b; < 1. 
2. Every number /, 0 < M < 1, can be expressed uniquely in the 


“. 


form 
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where c, are integers such that 0 < c; <7 and for infinitely many 1, 
c, <1. Faber obtains, from this representation, a fascinating proof of 
the countability of the rational numbers. In [1] Cantor represents 
positive numbers less than one by expressions of the form 


rN m v 
Te ae 


where \, uw, v,... are integers such thatO <A <b —-1,0 cu <b’ ;: 
etc. In this paper, we will show that, in a sense, Cantor’s representation 
is the most general possible. Our purpose is actually to find all possible 
representations of real numbers by sequences of integers, of the type 


described in this introduction. 


2. THE MAIN THEOREM 


Let ag 1, ay, @2,...,@,,... be a sequence of real numbers strictly 
increasing to infinity; that is aj; > a; fori = 0, 1, 2,... and for any 
real number JN, there is an integer ” such that a, > N. Let Bi, Bo... , 
|: ae be a second sequence of real numbers strictly increasing to 
infinity. Let Ay, Ae, .. . , A,» be any sequence of positive integers and let 
Mi, M2,» +4 My be any second sequence of positive integers, including the 
possibility that py; \,. We ask, what are the necessary and sufficient 
conditions in order that every positive real number N may be expressed 
uniquely in the form 


by 
N An On tT An—1 An—1 74 . + Go ao + 3 + 
Dy 


where do, @}, ..., Qn, 01, bo, . . . are integers such that 


Oca:Kh, OX bc Ca, 


s 


and such that for infinitely many 7, 6; < w;. 

In order to simplify our notation we will replace yu, by A_, and 1/8, 
by a_, when these are more convenient. Then a, — 0 as r— — © and 
a,— © as r— o, We will also use a reverse summation notation, 


i.e., we will use 


o> m% 
1 rT 


for the sum 


Up t+ Upp tt... tus. 


This notation will only be used in the case where r > s and the order 
of summation will only be important when s = — o, 
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THEOREM 1. A _ necessary and sufficient condition that every real 
positive number N be expressible uniquely in the form 


N= +>) asa, 


ies f 


where 0 < a; < A, and for infinitely many 1, ay < d, 1s that 


+1 = + a for 
i=k 


Proof of sufficiency. Assume 


Or = * DO Aa 


tk 


Hence 


*) A, ay 
i 1 


For n > 0, 


0 0 


a =*>)) Aya, 4 >> hiag =*>) Nay +1. 
1 i 1 l 


i=—n t=n 


We first show that a; is an integer for all 7 > 0. We have ap 1, an 


integer, and assuming a@, a, . . . , @—1 are integers, the equation 


a =*> r,0,+1 
t—n— 1 


shows that a, is also an integer since all the A, are integral. Now, let 
N be any positive real number. Put NV = K + L where K is an integer 
and 0 < L < 1. We will represent A in the form 


0 


K = *> ay ay 


i=? 


where a, are integers such that 0 < a; < A,;, and ZL in the form 


bs *> aya; 


i 1 
where again 0 < a, < \,, but for infinitely many 7, a; < \,. To show 
that an integer A is representable as described above we will use complete 
induction. 1 = a, hence 1 is representable. Assume that all integers 
T < a, are representable in the form 


T a *> 6, a. 
rmi—l 


Let a; < < aj4;. Consider the intervals 


K 
a, Sx < 2a; 2a, * < Jay, 3ai & & < 4a... . 


(Ay — Lhay | % KM Ayag, A~ay KX < ayy. 
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Since these intervals cover the range a; < x < aj,,;, K must lie in one of 
these intervals. If ra; < K < (r lja, 1 <r <A,then 0 < K — ra; 


a, By hypothesis 


Hence 


where 1 < ¢ r< ; ies in the last interval, te. A, a, 


K < a@i41, then 


1+*> d,a, 
i~l 


t 


Since K A, a, < a, by our induction hypothesis 


0 


*) Cy My. 


t=i—I 
Hence 


K * > Cia, 


t t 


where ¢; = A; We now come to the representation of L where 0 < L 
< 1. We define a sequence a_;, a2, d_3,...,@-»,... as follows. First, 


determine the positive (or zero) integer a_, by the condition that a_; 


is the maximal admissible integer such that a_; a_; < L. The maximal 
admissible integer a_, is defined as follows. If A-; a_; < L take a_, = 
A.1. If A) a; > L we choose a_, to be the unique positive integer 
satisfying both the inequalities a_; a_; < L and (a_,+ 1)a_; > L. 
In any case, 0 < a_; < A_,. We then choose a_» as the maximal admis- 
sible integer satisfying a_; a_; + d_. a» < L. In general, a_, is the 


maximal admissible integer satisfying 
a...) 3 }- a 
Since for all 7, 


the series 


is convergent and 
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L >? aims 


t 1 


We next show that for infinitely many 1, a; < A;. In the first place, 


not all a; = A, since 
? > A; @; 
i 1 
Let r be the first index such that a_, < zs the maximality condition 
on a_, we have 


*>S aia; < Ve < *> aia; 


1 i 1 


We now show that there is an 7; > r such that 
G5. A 


If this were not so, then for all 7 > 7, a_, = A~;, from which it follows 
that 


ba *> aya, * > aia, + > > A, ay = +) Oi ty , > £.. 


i 1 i 1 l i 1 


a contradiction. By continuation of this process one can obtain an 


infinite sequence 
having the property that 


Furthermore, for any such r,, 


r 


*> aya; 


i I 


Since a_,, ~ 0 asi— © and since 


i 
* 
> A, ay 


i 1 


is a series of positive terms, we have 


oF Oct 


l 
We now show that the representation we have obtained for the 
number N is unique. If not, suppose there are two representations of N, 


namely 


*) 4 Ay > a 
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where a, # 0,b, # 0,0 < ay < Ay, O < by < A, and for infinitely many 


4 


1, dy < A, for infinitely many k, b. < dy. We will show that r § 


and a, b,forr>k> ©. If r # s, suppose r > s; then 


a A; ay> >> b; a,, 
jum 8 


a contradiction. Hence r . If now a, > 6b, > 1, then 


*) aj;a; > 4, a, = (a, lja, +a, 
r 


1 )a +> Ai ay i en 
tux 7— I 


r 


a contradiction. Hence a, _ and 


ab OT yt D b CO}. 
r—1 


jmr—l 


As before, a,-1 b,., and, in general, by inudction a, = 6, forr > 1 


> 8) 


Proof of necessity. Assume that the condition 
Aryl 


is false. The following possibilities arise: 
Case 1. ‘There is at least one r for which 


~ i 
Qr+l , Ni QM. 


Case 2. For all 7, it is false that 


co 
Ar41 > S Ay Oy. 


Case (2) breaks up into 2 sub-cases namely: 
Case (2)). 


*5 Ay Oy 


is divergent for <7 <-@ and, 


Case (2)s. 


* 
> 4 ay 


t 


r < o and for at least one k, 
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- * 
Oper * 5 A; Oy. 


i=k 


In case (1) let 7 be a number such that 


Aps1 > : > a Eee Oi. 


By definition, T has no representation. In case (2), . i.e. when 


> be Vr? 


is divergent, define numbers a,, 4,1, d;-2, . . . by saying that a, is the 
maximal admissible integer such that a, a, < a@,4); @;_; is the maximal 
admissible integer such that a, a, + a, a,-1 a@,,, etc. Hence, by 


definition 


* 
> Ay a; 


is convergent and 


i+) > *> 1; ay. 


i=T 
a 


oD Nem 


t 


is divergent, infinitely many a, < Ay Let 7; 
infinite sequence of integers such that 


As before, we have 


+> a, a, 


Hence 


+ as 


We thus have two representations for a,,;, namely 


+ 
r+ >> aya, 
i= 


Aars1 = Lars} + Oa, t Oa, 1 T 
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In the case (2). we are given that 


= 
7 + 
Ope < > Ni Qi, p41 « > Ai A, 
lank i= 


As before, define a,, d,—1, Q,~2, . . . by saying that a, is the maximal 
admissible integer such that a, a, < ay41; €x—1 is the maximal admissible 


integer such that a, a, + Gy—1 Qy—1 <K ayy, etc. Then 


At least one a; # \,; and hence, a; < Xj, since 


— 
Opa * > Ni a. 
h 


If there were only a finite number of 7 for which a, < A, let mo 


the last index for which a; < \,. That is, we assume that 
Qn +1 * An +1 


but that a, d, for all 7 < mp (remembering that in the series *}°a, a; 
the 7 run in decreasing order of magnitude). Then 


norl nor 


—s ~ 
a +> ~ +5 
Ok+l Am a, a; | A; ay D> 4 Oj + On 41+ 


lem) i==n tok 


But since a, 4; is a maximal admissible number and 


we have 


norl 


*> aia, 


tah 


a contradiction. Therefore, infinitely many a; < A,;. As before, a,4, has 
at least two representations. We have shown that when the condition 


+) 
Qr+l Ni Mi, 


is violated, either there exist positive real numbers with no representa- 
tions or there exist positive real numbers with at least two representa- 
tions. Hence, we cannot have uniqueness of representation for every 


positive real number if we violate the fundamental condition: i.e. the 


condition is necessary. 


3. SOME SUBSIDIARY THEOREMS 


THEOREM 2. The positive integers \;,, — © <1 < ©, may be chosen 
arbitrarily and these uniquely determine the a; and the B;. 
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Proof. \t can easily be shown by induction that 


ay = |? a, = (1 +4 Ao) 1 + Wad ake + rAn—1) 
and that 


B, (1 + As)(1 + AL)... (1 + AX,) 


THEOREM 3. The numbers a, and 8, are integers such that for 1 < j, 
a,| a, and 8B; B;. (x y means x is a divisor of y.) 


Proof. Theresult follows immediately from the formulaeof Theorem 2. 


THEOREM 4. The numbers a; and 8, may be taken as arbitrary 
sequences of integers subject only to the conditions ag = 1, a; | ai41, and 
Bi | Biss for all 1. 


Proof. \f we choose 


and 
Bn 


AN 
Bn l 


it is easily verified that the fundamental condition is satisfied. 

The result of the Theorem 4 shows that Cantor in [1] actually ob- 
tained the most general representation (for the fractional part of the 
number at least). 


THEOREM 5. A necessary and sufficient condition that every positw 
rational number have a finite expansion, ts that for every integer N, there 
exists an n such that N | B,. 

We note here that a proof of half of this theorem was obtained by 
Cantor in [1]. 


Proof of necessity. Suppose there is an integer NV such that N does not 
divide 6, for n 1,2, 3,.... We will show that 1/N cannot have a 
finite expansion. For suppose that 


1 


since B;| Be| Bz...) B. Then; 8, = Nu, that is, N | 6, which is a con 


tradiction. 


Proof of sufficiency. Suppose that for each N, there is an such that 
N | B,. We need only consider the representation of rational numbers 
a/b such that 0 < a/b < 1. Suppose ) | 8;. Then a/b = r/p,. lir < 
_1, 7/8, is the required representation. If r > A_; then 
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r A1 + 1 
>= ag Fier ha 


(3, By 


ay AL4 -*> Aj ay >> A, ay = AH i. 
i 4 i 1 


a contradiction. Hence every number a/b such that 0 < a/b < 1 and 
such that | 8; has a representation by one term. Suppose now that any 
fraction whose denominator divides 8, has a finite representation 
stopping at the term in #8, and let c/d be a fraction such that 0 < c/d < 1 
and such that d} 8,41. Then c/d k/Broy If Rk <S dX_p~-1, R/Bro1 is the 
required representation of c/d by one term. If k > A_,-1, divide k by 
\_,-1 + 1 obtaining k = gq (A_,1+ 1) +s where 0 < s < d_,-1. Then 


k qa 
d Brot 


By hypothesis 


where 0 


d ‘ ca canta ; Biss 


THEOREM 6. If the system of representation defined by the sequences 
fa,}| and |8,} represents all rational numbers by finite expansions, then 
{A_n»{ 7s an unbounded sequence. 


Proo} If A_, < M for all n, take p a prime number such that 


pb > M +1. For all n, 
Bn (1 + A-1)(1 + Ae)... (1 + X,). 


Since all the numbers 1 + A_,, 1 + Ae, ..., 1+ A_, are less than or 
equal to 1 + M, all the prime factors of 8, are less than or equal to 
1 + M. Hence p is not a divisor of any 8,. By Theorem 5, not all rational 
numbers have a finite expansion, a contradiction. Hence, {A_,} Is 


5 
unbounded. 


THEOREM 7. Suppose that 8,4; > 8," for all n > no. If a number T 
be represented by a bounded representation, that 1s, 


*> aay, 


i 


and a, < A for all i but infinitely many a; # 0, then T is a transcendental 
number. 
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Proof. Put 


N 


Tx = *> ay ay. 


i 


Since infinitely many a; + 0, Ty < T for all N. Also, 


By yt 
By Liouville’s theorem, the inequalities 
K 
By 


Q < 


for all N > mo, implies that 7 is transcendental. 


COROLLARY Let Bnii > B,” for all n > no. If a number T be repre- 
sented by 


+> aay 


n 


and a, > x, A, all i, then T is transcendental. For if T K+1L. 
where K is integral and 0 < L <1, then, by Theorem 7, 1 L is trans- 
cendental and hence so ts T. 
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